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Abstract

The aim of this paper is the numerical simulation of surface diffusion processes in the presence of a strong anisotropy
and curvature dependence in the surface energy. We derive semi-implicit finite element discretizations based on a split-
ting into three second-order equations. The discretization we use yields indefinite linear systems for the nodal values of
the height function, the curvature concentration, and the chemical potential. We provide several numerical examples
and parametric studies with respect to some of the parameters in the surface energy and with respect to the coverage.
The results, to our knowledge the first that have been obtained for this model, confirm theoretical predictions, namely
partial faceting of the surfaces with rounded corners.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Anisotropic surface diffusion processes (cf. [6,9,21]) are of high importance in modern material and nano
science. The applications range from the self-organized growth of nanostructures over crystal growth,
shape transitions in alloys, to the formation of basalt columns caused by volcanic activities. Of particular
importance are systems with a strongly anisotropic non-convex surface energy. In this case, the surface dif-
fusion flow may lead to faceted surfaces, i.e., surfaces composed by plane segments whose orientation is
determined by the specific anisotropic surface tension. Using this representation, simulations of strongly
anisotropic diffusion processes based on the solution of ordinary differential equations have been carried
out in [7,25].
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However, many observed interfaces are not fully faceted, but rather have rounded corners. As a model
for this effect, it has been proposed by several authors (cf. [14-17,23,24]) to incorporate a higher-order term
dependent on the mean curvature of the surface into the surface energy functional. The corresponding flow
is a sixth-order parabolic partial differential equation with strong nonlinearities, which is difficult to solve
numerically. Previous simulations were based on asymptotic models obtained from long-wave expansions
(cf. [14,15,23]), but to our knowledge no simulations have been performed for the exact model yet. The aim
of this paper is the development of numerical methods for the full model of anisotropic surface diffusion
processes with curvature-dependent energy.

Our approach is based on a splitting into three second-order equations, which is motivated by the re-
cently proposed methods for isotropic and weakly anisotropic surface diffusion (cf. [1,2,11]) using a split-
ting of fourth-order flows into two equations. In the case of the flow of a curve in R* (which one might also
call curve diffusion for obvious reasons), the splitting can be performed in a rather straightforward way
using the chemical potential and the mean curvature as additional variables, while the situation is more
complicated for a surface in R*. We shall demonstrate below that a “curvature concentration” should be
used instead of the curvature and the time discretization should be based on a local-in-time variational prin-
ciple. Due to the differences between curve and surface diffusion we shall treat their numerical simulation in
different sections of this paper.

For simplicity and since it is a very realistic assumptions for many practical applications we shall always
assume that the interface (surface or curve) can be represented as the graph of a function. We denote the
evolving interface by I' and represent it as the graph of a function u over a fixed domain @ ¢ RY, d = 1,2,
ie.,

I(0) = {(x,u(x,0))|x € 2}. (L1)

Corresponding to this representation, the normal n, the length of a surface element Q, and the mean cur-
vature xk are given by

0=1\/1+|Vul’, nzé(—Vu,I)7 KZdiV(qu). (1.2)

Following [16,17] we assume the surface energy to be of the form

&(u) = /Qv(n,K)Q dx, (1.3)

with the surface tension

d+1
_ 4 2
y(n, k) —oc<1+e n; + K > (1.4)
j=1

for positive parameters «, €, and v. We want to mention that our approach is able to deal with more general
surface energies of the form

7(0, 1) = o1+ 79(m) + vic?), (1.5)

with only minor modifications. The specific form of yq we use is a standard model for cubic anisotropy,
which seems to be suitable for several important materials (in particular many semiconductors and
metals).

The surface diffusion flow models the diffusion of atoms along the the bounding surface of a solid body
due to a difference in the chemical potential (i.e., the energy variation due to adding or removing a single
atom on the surface). Using the standard diffusion flux law and Fick’s law as a constitutive relation, the
surface diffusion flow including deposition effects is obtained via the velocity (cf. [6,21])
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kT
where F is a deposition flux, Dg a diffusion coefficient of the adatoms, Q the atomic volume, ¢ the surface

density, k the Boltzmann constant, and 7 the temperature. The operator Ag denotes the Laplace—Beltrami
operator on the surface, i.e.,

V=F-

(Asp)n on I, (1.6)

As = diVsVs.
The surface gradient is given by
VsW = (I —-neg n)Vde,

where divys; and V.. denotes the gradient with respect to (x,z) € R’ x R. The surface divergence is
defined as usual by an adjoint relation, i.e.,

r r

for all sufficiently smooth periodic functions W and w on I'.
The variable u denotes the chemical potential given as the negative variation of the surface energy with
respect to the surface, i.e., with the above graph representation

p=—6&"(u). (1.7)

Since in the graph case u only depends on x € R but not on z, we have V11 = (Vu,0), and hence, a
straightforward computation shows

Vu-V
V= (1= nm)(T3.0) = (P Vi~ - ")
with the reduced projection matrix onto tangential directions P(u), given by
SO BALLALY (1.8)
1+ |Vu|

This simplification in the graph case allows to derive a partial differential equation for the height function u
from the above formulation (1.6).

In order to compute the Laplace—Beltrami operator applied to u, consider a smooth periodic test func-
tion ¥ depending on x only. Then, by standard transformation of variables and Gauss’ theorem,

/(Asﬂ)lp ds = 7/ Vs/,t sz ds = 7/ (I*H@H)vd+1ﬂ’vd+1l// ds
r r r

= (P~ V”Q'ZV") (V0.0 85 =~ [ PV VU x

| 1 ..
— [ Gav(OPMIVIOdx = [ Sdiv(OP) Ty ds,
and since  is arbitrary, one obtains
Asp = v (QP() V1),

By taking the inner product of the velocity V = (0,%) and the normal n, we obtain a partial differential

ot
equation for the height function u as
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o kT
For the sake of simplicity we shall assume in the following that the scaling of time and chemical potential
are such that o = 1 and Dsk—!;_” = 1. Moreover, we consider the simple, but realistic case of a deposition in
vertical direction, i.e., F = fe;; and thus, F-(—Vu,1) = f. Hence, the partial differential equation for u
we shall investigate is given by

div(OP(u)Vp) + F - (—Vu, 1). (1.9)

%: —div(QP(u) V) + f. (1.10)

The relation (1.10) looks like a low order partial differential equation at the first glance, but a detailed inves-
tigation of (1.7) for the above form of the surface energy will show that &’(u) corresponds to a fourth-order
differential operator applied to u, and hence, (1.10) is a sixth-order equation. The boundary conditions we
shall use are homogeneous Neumann conditions, i.e.,

vu'naQZV(QK)'ﬂaQ:V,u'l'laQ:O, on 6.9, (111)

where k denotes the mean curvature and p the chemical potential (see the next section for detailed defini-
tions). An alternative model used in several cases are periodic boundary conditions, which could easily be
incorporated into our approach.

This paper is organized as follows: In Section 2, we discuss the basic properties of anisotropic surface
diffusion such as volume conservation, energy decay, and the variations of the surface energy. Using a var-
iational principle for the surface diffusion flow, we derive a semi-implicit finite element method in Section 3,
and discuss the solution of the arising finite-dimensional problems in Section 4. We present several numer-
ical results for curve and surface diffusion in Section 5. Finally, conclusions and an outlook to further work
are given in Section 6.

Throughout the paper, we shall use standard notation for differential and integral operators, in par-
ticular we shall denote partial derivatives of a function u with respect to a variable ¢ by ‘;—;’ or u; and
gradients with respect to the spatial variable x by V. Moreover, we shall use standard notation for
Lebesgue spaces L7(Q) and Sobolev spaces W*P(Q) and H(Q)= WX Q) (cf. [19] for detailed
definitions).

2. Anisotropic surface diffusion flows

In the following, we derive the specific form of the chemical potential in anisotropic surface diffusion
with curvature-dependent energy. Moreover, we discuss some fundamental properties of surface diffusion
flows.

2.1. Surface energy and chemical potential

We start by computing the chemical potential given as the variation of the surface energy & with respect
to the height function u. For this sake we split the energy into

&(u) = &1(u) + E2(u), (2.1)
with &, denoting the standard anisotropic term
61— [ (14 nm)Qdx (22)
Q

where y,(n) = erLlnj in the case of (1.4), and with the curvature-dependent term
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gxu)::v]QKFde. (2.3)

The derivative of the first term is well established in the literature (cf. e.g. [10,11]), so we just state the cor-
responding result.

Proposition 1. The first variation of the functional &, at v € H'(Q) in direction ¢ € H'(Q) is given by
& () = / I'(Vv) - Vo dx, (2.4)
Q

where T is deﬁned by

/ Z lpj
+| T TETZ] 3/2

Hm=V 1+H

(2.5)

=

for p € R in the case of the cubic symmetry (1.4), and

r(p) = V| /1 + 1o + mn)] (2.6)

for p € RY in the general case (1.5).

One can easily show that the surface energy part &, is non-convex for € > 1/3 and therefore the corre-
sponding surface diffusion flow would be ill-posed for v = 0. In the one-dimensional case, we plot the sur-
face tension 1 + ez n as function of u, for different values of ¢ to illustrate this behaviour (see Fig. 1).

In order to compute the derivative of the second term, we start with the variation of the curvature term.

Surface energy E1

2.2 T T T T T T T T T
-e=1/4
— e=1/3
21 ——e=12 A
\ 7
\ - e=1 ’
. 7/
2r N T T Vs
N '/’ ~. /
N -~ N 7
1.9- ~ Pty ~.o .- ]
1.8 1

Fi

—

g. 1. Plot of the surface energy density 1 + ¢(n? + n3) for different values of e.
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Lemma 2. Let v € HXQ) and define

Vv

1+ Vol

Then the first variation of k at v in direction ¢ € H*(Q) is given by

k(v) == div € L*(Q).

K'(v)p = div _PWVe Pv)=1- M (2.7)

, 3
1+ |Vl 1+ Vol

Proof. Since the divergence operator is linear and continuous on the function spaces we use, it suffices to
compute the derivative of the term n(v) = Vuv/y/1 + |Vu[*, which is given by

Vo (Ve VU)VU

\/1+|Vv /14 |Vo) |

Introducing the matrix P(v) yields (2.7). O

The above result on the derivative of the mean curvature allows to compute the first variation of &5.

Proposition 3. Let u € H*(Q) N W'(Q) and «(u) € H\(Q). Then the derivative of the functional &, at u in
direction ¢ € HX(Q) is given by

& (u)p = V/Q (—2% Vo + 1 %) dx. (2.8)

Proof. A standard computation yields

E5(u)p = v/Q (2KQ(KI(u)g0) + 1 %) dx.

By inserting (2.7) and using Gauss’ Theorem we deduce (2.8). O

2.2. Basic properties of surface diffusion

In the following, we review some basic properties of solutions of the surface diffusion flow. A first nat-
ural property of surface diffusion flows is volume conservation, i.e., in absence of a deposition flux, the
volume

V(t) = / u(x, r) dx (2.9)
Q
is constant. In presence of deposition, the volume change is proportional to the deposited amount of mate-

rial. This property can easily be verified from the diffusion form (1.10) by multiplying with the constant
function ¢ =1 and integrating over 2, which implies due to Gauss’ theorem

6;_It/(l‘)z/Qut(XJ)dx: /m (u)Vu- naQQda—i—/fxt
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Since the first term on the right-hand side vanishes due to the boundary conditions, we obtain

+/0[ /Qf(x,t) dx ds, (2.10)

and in particular, the volume remains constant for f= 0. Note that the volume conservation is clearly inde-
pendent on the specific model for the energy functional, but is only caused by the diffusion process. As we
shall see below, this property is conserved by the numerical method we use.

A second important property for the surface diffusion flow, which is independent of the specific energy
functional and which should be conserved to some extent within a numerical scheme, is the energy decay.
To obtain this kind of estimate we multiply (1.10) by —u and (1.7) by u, and integrate both over Q. Adding
the results yields

/Q(Q(P(”)V.U) Vu+ & (wu) dx = — /fu dx.

Since [,&(u)u, dx = £&(u), we obtain after integration with respect to time

// ) - VuQ dxds = & (up) + /oléa'(u)fds.

Hence, the surface diffusion flow energy exhibits a natural energy decrease except for the external energy
source due to deposition.

The energy decay estimate reflects the gradient flow structure of surface diffusion, which is obtained as a
gradient flow in the Hilbert space H~'(I'), which can be defined as the image of the Laplace-Beltrami oper-
ator from the Sobolev space H'(I'). Following [8], this gradient flow is can be defined as the limit of min-
imizers u(t + t) of

Sult+ 7))+ /Q (P(u()) Vi) - ViO(f) dx — min (2.11)

u(t+1)

subject to the constraint
u(t+ 1) — u(t)

—div (Q()P(u()) =

given u(7) and Q(r) = /1 + |Vu(r)[.
We shall briefly outline this limit based on the Karush—-Kuhn-Tucker for (2.11) and (2.12). The Lagran-
gian corresponding to the constrained problem (2.11) and (2.12) is given by

-/ (2.12)

Pluspip) = 600+ [ (P)T1)- TuQlo) dx -+« [ (Pl0) V) - VpOle) dx
- [=ut)) = epax

and the corresponding optimality conditions are given by

&' (u) —p=0,
— div (Q()P(w() V(u+ p)) =0,
~ div(Q()P(u() Vi) — D 4y o,

From the second equation it is easy to conclude that p = —u and hence, the minimizer u = u(t + 1)
satisfies
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(t+1)—u(t)

div (Q(1)P(u(1)) V[ (u(z + 7))]) == —/

which (formally) yields the surface diffusion flow in the limit t — 0.

T

3. Discretization of anisotropic surface diffusion

The discretization of surface diffusion with curvature dependent energies faces a similar problem as the
discretization of the Willmore flow of surfaces: the derivative of the energy functional involves the term
V(xQ) in (2.8). This term reflects the fact that also Gaussian curvature appears in addition to the mean cur-
vature, and hence, a second-order splitting into the natural physical and geometrical variables u, x, and u
does not suffice.

Following the approach for Willmore flow in [12], we introduce a new variable xkQ, which represents a
curvature concentration. Hence, we will discretize the surface diffusion flow using the variables

(uv U, W) = (uv KQ» _p,u) (31)

in the following, where p € R" is a scaling factor (that will correspond to the inverse of the time step
below).

3.1. Time discretization

The starting point of our approach to the time discretization is the local optimization problem (2.11) and
(2.12). We introduce the new variable v and rewrite the energy as

2
& (u,v) = / (Q 490 (V) + v”—) dx (3.2)
2 Q
with
(@) =[S ey L) o v v (33)
u) =€l —= — - |, = u| . .
0 Q3 Q3 Q3
Hence, the local optimization problem can be rewritten as
2
&(u,v) + % / |P(u(r))Vw[*O(t) dx — min (3.4)
o) u,v,w
subject to the constraints
/(MJF@) dx=0 YoeH'(Q) (3.5)
o Q 0
and
/ ((P(u(t))Vw) - YO(r) + g (u — u(t))lp) dx=0 Yy e H'(Q). (3.6)
Q

Note that (3.5) represents the identity v = xQ, it can be derived using Gauss’ Theorem via

(0] . (Vu Vu-Vo
—dXZ/K( dx:/dlv<—> dx:—/idx.
/QQ 07 0 \0)? 0 O
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This variational problem already exhibits a certain time discretization and a linearization of the con-
straint, but still involves the minimization of strongly nonlinear functionals, which we shall approximate
further in the following. For the time discretization we use the decomposition 0 = ¢y < <--- <ty =S,
with time step t;: = #x — #x_; and p, := # We shall denote the solution (u,v,w) at time step #; by (u*,0%,w%),
and define the solution in between via the interpolation
t—t

t—t_
u(t) = u(, 1) — =+ u(., i)
Tk Tk

In order to obtain a convex quadratic optimization problem instead of (3.4) we use a quadratic expansion
of the convex terms and a linear expansion in the potentially non-convex terms, which yields

k|2 k—112 kN2
&k, o) z/ |V +k|_Vlu | + (Vi dx+/ Fo(ViE )W — ) + V(U _)1 dx,
Q 20 Q o

where I'o(p) = V,y0(p). Moreover, we use a lagged diffusivity approximation in the definition of the curva-
ture concentration, i.e., we use 0! in the denominators of (3.6). Eliminating the constant terms we can
state the semi-discrete optlmlzatlon problem as the minimization of

k i\ 2 k—1 12
P
JE(k, of wh) :/ <2VQL: |] + To(Vd ™y - vk + v(QUk)1 +pk| va | Qk_l) dx
subject to the constraints
Vit -V q))
—+ dx =0 VoecH'(Q
LEF g ¢
/((PIFIVW ) VYO T+ (W —d ) dx =0 Wy e H'(Q),
Q

with P< 1 = P/ih.

Using additional Lagrangian variables p* € H'(Q) and ¢* € H'(Q), we can derive a linear system char-
acterizing the minimizer of this constrained optimization problems. For this sake we again denote the L?
scalar product by {.,.), and define the bilinear forms

S = [ YT ax, (37)
o O
Ao = [P 1V0) - 790" dx, (38)
Q
Vo4
o) = | = (3.9)
o 0
and the right-hand sides
(f5 ) = / To(Vu'1) - Vi dx (3.10)
Q
()= [ (.11)
Q
The semi-discrete problem is then given by computing the weak solution (%, v*, w*, p*, ¢*) € H'(Q) of

the variational equations
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ﬂk(ukv (pl) + 'Mk(.pka (p]) + <qka (pl> = (fka (Pl)v

2v(6k(vk7 (/)2) + (gk(]’k7 @2) = Oa

pk‘%k(wkvqh) +'@k(qk,(p3) = 07 (312)
‘Mk(ukv (p4) + (gk(vk7 (p4) = Oa

e%k("‘/k7 (pS) + <uk7 (P5> = (gka (P5)7

for all test function ¢, € H'(Q),j=1,...5.

A closer look at this variational problem shows that the Lagrangian variables can be eliminated, because
the second equation implies p* = —2vv* and the third one yields V¢* = —p,Vw*. Moreover, since (3.12) is
independent of the mean value of ¢*, we may choose it such that ¢* = —p, *. Consequently, we arrive
at the smaller, but non-symmetric problem

A, @) = 20/ (F, 0) — p (W', 0) = (f*.9) Vo € H'(Q),
A ) + G () =0 W e HY(Q), (3.13)
B(Wn) + (Wl n) = (¢5n) Vn e H'Y(Q).
However, this system can easily be made symmetric with minor modifications, e.g., by taking multiples of
some lines and changing the order of equations and variables to (v*, w*, u*), we obtain
G ) + AW Y) =0 e HY(Q),
p B (W) + p (b ) = pi(ghn) Ve HY(Q), (3.14)

. 1 1

“Q{k(vka QD) + pk<wk7 §D> - E%k(ukv QD) = _Z (fkv QD) VQD € Hl(‘Q)

Using standard arguments for symmetric indefinite systems (cf. [5]), one can show that (3.14) is equiv-
alent to the saddle-point problem

inf sup Z* (v, w,u),

(vw) 4

with the Lagrangian

1 1 1
gk(m w, u) = z(gk(va U) + %gk(wv W) + ‘Q/k(va u) + pk<w7 u> - R&{k(u7u) - pk(gk7w) + Z(,fka Ll)

In this form, the curvature concentration v and the chemical potential w play the role of primal, and the
height function u plays the role of a dual variable (which obviously could be interchanged).
In order to verify the well-posedness of (3.13), we first transfer the problem into the standard form (cf.

[5])
a((v,w), (b, m)) + b((h,n),u) = (f1, (b,m))  V(n) € H'(Q),
b((v,w), @) = c(u, @) = (f2,0) Vo € H'(Q),
with the bilinear forms
(l((U, W)7 (lpv ’7)) = (gk(v’ lp) + pkgk(w7 ’7)»
b((U’ W)’ (P) = ‘Q{k(v’ (P) + pk<W7 (P>7

1
C(M, (p) = Z%k(l’h (/))a

and the right-hand sides

(3.15)



612 M. Burger | Journal of Computational Physics 203 (2005) 602625

(flv (lp7 ’7)) = pk(gk7 ’1)7
(f27q0) = _%(fkvqo)'

For the system (3.15), we can use a well-known result for saddle-point problems (cf. [5, p.47]), which we
rewrite for the specific setup we use:

Lemma 4. Let a, b, and ¢, be continuous bilinear forms satisfying the following conditions for positive real
constants oy, oo, o3:

(i) Kernel-ellipticity of a:

a((v, W)? (U’ W)) = o ||(U7 W)

for all (v,w) € H'(Q)? satisfying b((v,w),.) = 0.
(1) Kernel-ellipticity of c:

2
I

c(uyu) = oo|ul”
for all u e H\(Q) satisfying b((.,.),u) = 0.
(iii) Inf~Sup condition:
inf sup b{((v, w), u) 7> o3

uett'(@) (et p 1410l + (1wl

Then there exists a unique solution (u,0,w) € H'(Q)* of (3.15), and there exists a positive real constant  such
that

[l + l[oll + [Pwll < BALAT+ 1A21)-
We shall now apply this well-posed result to (3.13).
Theorem 5. Ler "' € W'(Q). Then there exists a unique weak solution (u*, v* w*) e H'(Q)? of (3.13).

Proof. Due to Lemma 4, it suffices to verify the above conditions (i)—(iii). For the specific form of a we
obtain due to the uniform boundedness of Q! an estimate of the form

M@WMW»>W/

i (v2 + |VW\2) dx.

Moreover, if b((v,w),.) =0, we obtain in particular b((v,w),v) = 0, which implies an estimate of the form

/ Vol dx > mz/w2 dx.
o 2

Moreover, with ¢g=1 we have

bl(0). ) = i [ wike=0.

Q

Thus, we may combine the above estimates with a Poincaré-type inequality for w, from which we finally
arrive at

a((v,w), (v,w)) = oy / (1)2 + Vo) +w? + |Vw|2) dx
Q

for some o; > 0.
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Since for b((.,.),u) = 0 we obtain in particular b((u,u),u) = 0 and hence, u = 0, the kernel-ellipticity for the
bilinear form c is trivial and follows with ¢(u,u) > 0.
In order to verify the inf-sup condition we use the estimate

lnf sup b((v,w),u) . b((u,u),u) -

T = o >0,
wet' @) (o ermor 1N+ wl) ™ wert@ 2[jul?

which is due to the specific form of b and the uniform boundedness of *~'. O

We can also incorporate a deposition flux in a straightforward way by changing g* to

(&.0) = / (1 + ) dx

3.2. Finite element discretization
For the finite element discretization we shall use piecewise linear elements in the space
v i={p € C"(Q)NH'(Q)|p|, is linear} (3.16)

on a regular triangularization .7, of Q = Ure,/th-
The mesh size 4 is given by

h =max max |X; — Xp|.
TeT )y X1,%€T

We can directly perform a finite element discretization of (3.13) in #";, which turns out to be equivalent to a
finite element discretization of (3.12) in #"; and subsequent elimination of the Lagrange parameters. This
yields the following fully discrete scheme:

Scheme 1. Compute an approximation u) € "y of the initial value ug.For k=1,...,N:

o Assemble the right-hand sides
i) = [ 1o ) - Vi ax (3.17)
(gho) = [ uf 'y ax (3.18)

with Q’,fl =1/1+ \Vu’h"l\z and an approximation f;, of f (using quadrature). Moreover, define the bilinear

forms

A (@, ) = ; vzk Y‘p dx, (3.19)
B (@, ) / P, lvq) vy o dx, (3.20)
G (o) == (3.21)

with P~ = P(ul~ )
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e Compute the discrete solution (uf, vk, w¥) € v, satisfving

Ay, ) = et} (0, 0) — p (W, 0) = (ff, 0) Vo €V,
AN Y) + C () =0 e T, (3.22)

By(Wn) + (' n) = (gh,n) Yn €V
Note that due to the choice of piecewise linear finite elements, Vut~' and consequently 05!, P} " are
constant on each triangles, and hence all integrations in the above bilinear forms and the right-hand side
/¥ can be carried out exactly.
As in the semi-discrete setting in Theorem 5 we can easily verify the well-posedness of the discrete system.
Moreover, we can verify volume conservation for the discrete scheme by using = 1. As far as as energy decay
is concerned, we obtain from the local variational principle used for constructing the scheme that

Bk, ) + 7 / PV PO dx < S,
Q

i.e., the violation of the energy decay is equal to & (u*, %) — &(u¥), which can be expected to be of first order
in time.

4. Solution of the discretized problem

Due to the non-symmetric form of the variational problem (3.22), we also obtain a non-symmetric prob-
lem for the nodal values (u,v,w) € R* in each step, which is of the form

A -2vVA —p M u f
A C 0 vi=10]. (4.1)
M 0 B w g

Here, M is a symmetric mass-matrix, C is a scaled symmetric mass matrix, and A and B are stiffness matri-
ces corresponding to second order elliptic differential operators.
As we have seen above we can transform the system (4.1) to the symmetric one

A —2vA —pM u f
—2vA  -2vC 0 v | = 0 . (4.2)
M 0 —pB w —Pi8

We can now either interpret u as a primal and (v,w) as dual variables, or vice versa (by suitable reordering of
variables and equations). For small system size, in particular in the one-dimensional case, we can solve this
linear system by LU- or generalized Cholesky decomposition. For larger systems, we can perform an iter-
ative solution of this symmetric system by applying standard Krylov-subspace methods like preconditioned
GMRES, MINRES, or QMR (cf. [22] for an overview).

Alternatively, we can also obtain the linear system

A C 0 u 0
0 2VA+C pM v|=|-f (4.3)
M 0 B w g
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Fig. 2. Evolution of the interface for e =1, v= 1074, f=0, for the first initial value.

by performing linear manipulations of the first two lines in (4.1). The advantage of (4.3) is that the diagonal
blocks are discretizations of elliptic differential operators, while the off-diagonal terms are just mass matri-
ces. Consequently, it seems reasonable to apply a multigrid method as a solver (or as a preconditioner for
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GMRES) to (4.3), using block Gauss-Seidel smoothers (some care has to be taken of the anisotropic term
B). This approach has been used in all the two-dimensional examples presented below and turned out to be
a efficient and robust solver.

5. Numerical results

In the following, we present some numerical results for strongly anisotropic surface diffusion flows and
some parametric studies in the parameters € and v, as well as in the coverage (i.e., the volume }/(0)) and the
deposition flux f.

5.1. Curve diffusion

In this section, we present some results for curve diffusion processes, i.e., for I being a curve in R*. For
all simulations we used a uniform spatial discretization of @ = (0,1) with grid size # = 107°. We start with a
the evolution of an interface described by a continuous height function

) {constant for x € [0,0.25] U [0.75, 1],
Up(X) =
0 0.1+ 0.01 cos(4mx) for x € (0.25,0.75).

We also use this starting value for the parametric studies below. For the first two simulations we used an
anisotropy parameter ¢ = 1 and a curvature coefficient v =107, in absence of a deposition flux, i.e., /= 0.

The obtained evolution (computed with a time step T = 2 x 107°) is illustrated by plots of the interfaces
obtained at times ¢ = 4kt, k = 0,1,...,5, in Fig. 2. One observes that faceting, i.e., the formation of flat parts
of the interface, occurs already during the early stage of the evolution. The evolving shape forms several
hills and valleys, some of which become unstable and disappears during the later stage. Finally, the inter-
face converges to a shape with three faceted substructures.

The evolution of the surface energy &(u(¢)) and the change of the volume V{(r) — ¥(0) are shown in
Fig. 3. One observes that the energy is decreasing during the evolution as expected and finally becomes con-
stant when the interface has reached an equilibrium shape, which is possibly only a local minimum of the

Surface Energy x10" Volume Change

1.981
1.96}
1.941
1.921

19t

1.88 -2

0 01 02 03 04 05 06 0.7 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Time x10™ Time x 10

Fig. 3. Evolution of the surface energy (left) and the volume (right) for ¢ = 1, v=107* f=0, for the first initial value.
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Fig. 4. Evolution of the interface for e = 1, v=10"*, f=0, for the second initial value.

617



618 M. Burger | Journal of Computational Physics 203 (2005) 602625

non-convex energy functional. The plot of the volume change confirms the discrete volume conservation,
since the maximal error over all timesteps is below the machine precision of 10~'°. The same behaviour of
the energy and the volume have been observed also in all further simulations presented below.

The second simulation is carried out with the same parameters as the first one, but with the initial height
uo(x) = 0.1 + 0.005 x cos(9mx). In this case, the evolution is faster and we used a time step of =4 x 107".
We illustrate the obtained evolution by plots of the interface at time ¢ = 3kt, k= 0,...,5. Again we obtain
faceting but in the first example, but the limiting equilibrium shape is a different one, with a higher value of
the surface energy and the same orientation of the facets. Hence, this numerical example suggests that the
surface diffusion flow can converge to local minima in strongly anisotropic cases, probably to the ones clos-
est to the initial shape.

Our first parametric study varies the anisotropy parameter e for constant v=10"%, f=0 and an initial
coverage V(0) = 0.09 (see Fig. 4). As expected, the surface evolves towards a flat surfaces for € < 1/3, quite
similar to the isotropic case € = 0, but of course faster for smaller e. We show the result for € = 0.3 and the
more interesting results for the strong anisotropies € = 0.5, 1, 1.5 in Fig. 5. The first plot shows the front I’
at time steps ¢ =0, 107*,..., 2% 1072 and one clearly observes the trend toward a flat curve. The second
plot from the top shows the front at time steps 7 =0.4x 107°,..., 8 x 10~%, the third at time steps 7 =0,

£=03, v=00001 e=1, v= 00001

=15 v=00001

09 I e
0
07 e

Ly
m‘/ '
0z a
o
"

0.1

Fig. 5. Evolution of the interface for different values of the anisotropy parameter e.
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e=1, V=01 e=1, V=001

Fig. 6. Evolution of the interface for different values of v.
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t=1, v=00001 =1, v=0.0001

£=1, v=0.0001 e=1, v=00001

t=1 v=00001

Fig. 7. Evolution of the interface for different initial coverages V/(0).
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£=1, ¥ =0.0001 =1, v=00001

t=1, v=00001 =1, v=00001

Fig. 8. Evolution of the interface for different deposition fluxes f.

1073,..., 2% 107%, and the one at the bottom at time steps £ =0, 107%,..., 2x 107>, One observes that the
time scale of the evolution reduces with increasing e, i.e., the evolution towards an equilibrium and the fac-
eting is faster for higher anisotropy. Moreover, the length scale of the evolving and equilibrium structures
decreases with increasing anisotropy parameter, which is caused by the changing orientation of facets.
From our simulations it seems that the maximal height of the film does not exceed a certain maximal value,
but for larger e there occurs a transition from three to five hills and valleys. Hence the facets become steeper
as expected, but the maximum height can even decrease compared to smaller values e.

A second parametric study concerns the coefficient v of the curvature term. We illustrate the results for
v=10"" m=1,...,6, fixinge =1, f=0, and ¥(0) = 0.09. In Fig. 6, we plot the evolving fronts at time steps
0,107°,...,2x107%

One observes that for increasing values of v, the size of the rounded parts of the surface increases (and
consequently, their curvature decreases), while the orientation of the faceted parts remains the same (except
for very large values of v, where the curvature effect becomes global). Moreover, the time and spatial scale
are changing large v, but taking into account the similar results for v=10"% v =10"> and v = 10~® it seems
that there exists a limiting flow as v — 0.
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Time = 0.03, epsilon = 1, nu= 0.001 Time = 0.06, epsilon = 1, nu= 0.001

Fig. 9. Evolution of the surface for the initial value u.
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Time = 0.03, epsilon = 1, nu= 0.001 Time = 0.06, epsilon = 1, nu= 0.001

Time = 0.09, epsilon = 1, nu= 0.001 Time = 0.12, epsilon = 1, nu= 0.001

Time = 0.15, epsilon = 1, nu= 0.001 Time = 0.45, epsilon = 1, nu= 0.001

Fig. 10. Evolution of the surface for the initial value .

Fig. 7 illustrates the effects of varying the coverage JV(0) by plotting the evolving interfaces at
times =0, 107°,..., 2x107* for the coverages V(0)=0.045, 0.09, 0.18, 0.36, 0.72, and 1.44.
One observes that the shapes are similar for the smaller values of the initial coverage, but for
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the largest value (where the height becomes larger than the length) there is a transition in the equi-
librium shape.

Our final parametric study concerns the deposition flux f. We perform tests with two uniform deposition
fluxes, f=10? and f=10°, as well as with a linearly increasing flux = 10’x and a parabolic flux profile
f=4x10°x(1 — x). The resulting interfaces at times 7 =0, 107>,..., 2 x 10~* are plotted in descending or-
der in Fig. 8. For the spatially homogeneous deposition fluxes one observes a very similar evolution as in
the absence of deposition flux, but with linearly growing height. For the spatially varying deposition flux,
we obviously obtain faster growth in areas of higher flux, but still the orientation of facets remains
unchanged.

5.2. Surface diffusion

We now present two results for surface diffusion, which are both obtained for e =1, v = 1073, and f=0.
The computational domain is given by @ = (—1,1)% and the discretization is performed on a regular grid of
size h = 1072, with a time step 7 = 1072,

In the first example, we use the initial value

up(x,y) = 0.2 — 0.05 cos(nx) cos(my).

In Fig. 9, we plot the resulting surface at times ¢ = 3kt, k = 1,...,5, and after a larger time at # = 0.45 (from
top to bottom). One observes that faceting occurs mainly in the early stage of the evolution, and the arising
shapes seem to converge to a local energy minimum. The evolution therefore becomes almost stationary in
the later stage.

In the second example, we divide the wavelength by two in the initial value, i.e., we use

itg(x,y) = 0.2 — 0.05 cos(2mx) cos(2my).

Fig. 10 shows plots of the obtained surfaces at the same time steps as for the first example. The
behaviour is similar, but possibly the local energy minimizer the evolution converges to is a different
one.

We finally mention that parametric studies with respect to ¢, v, f, and 1/(0) lead to similar results as for
curve diffusion.

6. Conclusions and outlook

We have presented numerical methods for surface diffusion arising in systems with anisotropic surface
energies involving a curvature dependent term, and discussed some of their properties. The presented
numerical results confirmed the applicability of this approach to strongly anisotropic cases, where faceting
of the evolving curves or surfaces occurs, while the corners are rounded.

To our knowledge, this paper presents the first simulation of the full surface diffusion model with cur-
vature dependent energy. Due to the practical importance of this problem, the methods and results pre-
sented here are also the starting point towards the simulation of several crystal growth phenomena that
can be modeled by anisotropic surface diffusion, and the coupling with other physical effects such as elastic
relaxation in heteroepitaxial growth (cf. e.g. [18]) having in mind important technological applications such
as self-assembled silicon—germanium quantum dots (cf. e.g. [4]). From a mathematical viewpoint, an impor-
tant task for future research is the detailed analysis of the surface diffusion model and the numerical meth-
ods, which is rather incomplete in the isotropic case (cf. [3,13,20]), and completely open in the anisotropic
case with curvature dependence.
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